According to the geometric characterization of measurement assemblages and local hidden state (LHS) models, we propose a steering criterion which is both necessary and sufficient for two-qubit states under arbitrary measurement sets. A quantity is introduced to describe the required local resources to reconstruct a measurement assemblage for two-qubit states. We show that the quantity can be regarded as a quantification of steerability and be used to find out optimal LHS models. Finally we propose a method to generate unsteerable states, and construct some two-qubit states which are entangled but unsteerable under all projective measurements. The concept of quantum steering was initially introduced by Schrödinger [1]. Consider two distant parties, Alice and Bob, sharing a pair of particles, by performing measurements on her own particle, Alice can steer the particle of Bob into different quantum states. It was recently recognized as a special type of quantum nonlocality intermediate between entanglement and Bell nonlocality [2, 3] . Different from entanglement and Bell nonlocality, quantum steering is asymmetric between the two parties [4] . The party which to be steered (say Bob) examines the conditioned states of his own system while receiving the outcomes of the other party's measurement. To make sure that his system is genuinely influenced by Alice's measurements instead of some preexisting local hidden states (LHS), Bob must exclude the LHS model:
The concept of quantum steering was initially introduced by Schrödinger [1] . Consider two distant parties, Alice and Bob, sharing a pair of particles, by performing measurements on her own particle, Alice can steer the particle of Bob into different quantum states. It was recently recognized as a special type of quantum nonlocality intermediate between entanglement and Bell nonlocality [2, 3] . Different from entanglement and Bell nonlocality, quantum steering is asymmetric between the two parties [4] . The party which to be steered (say Bob) examines the conditioned states of his own system while receiving the outcomes of the other party's measurement. To make sure that his system is genuinely influenced by Alice's measurements instead of some preexisting local hidden states (LHS), Bob must exclude the LHS model: p(a, b|A, B; W ) = p(a|A, λ)p(b|B, ρ λ )q(λ)dλ, (1) in which p(a, b|A, B; W ) = Tr(A a ⊗ B b W ) is the probability of getting outcomes a and b when measurements A and B are performed on W by Alice and Bob respectively, A a and B b are their corresponding measurement operators. λ is the local hidden variable, q(λ) is the probability density of λ, and p(a|A, λ) is the conditioned probability of Alice obtaining outcome a under λ. p(b|B, ρ λ ) = Tr(B b ρ λ ) is the conditioned probability that Bob obtains outcome b while performing B on ρ(λ), ρ(λ) are some local quantum states on Bob's side determined by λ. The probability model of LHS in Eq. (1) can also be expressed in the form:
whereρ a A = Tr A (A a ⊗ I B W ), which is the unnormalized conditioned state on Bob's side after Alice obtaining a for measurement A, the set {ρ a A } for all a and A is referred to as a measurement assemblage [6] . The probability distributions in Eq. (2) should satisfy a p(a|A, λ) = 1, q(λ)dλ = 1,
where p(a|A) = Tr(ρ a A ) is the probability of getting outcome a when Alice performs measurement A.
A bipartite state is steerable from Alice to Bob if and only if there is no LHS model {p(a|A, λ), q(λ), ρ λ } such that both Eqs. (2) (3) hold for all results a of measurements A ∈ M A , where M A is the set of measurements Alice is able to perform on her side [2] .
To judge if a state is steerable under certain sets of measurement, we need to check if there is an LHS model for the corresponding measurement assemblage. Many criteria have been proposed, such as inequalities based on the convexity of steering assemblages [5] or using semidefinite programming (SDP) [6, 7] , which can be used for a wide range of bipartite states. But still there is no calculable method that can determine the steerability for a generic bipartite state under arbitrary measurement sets even in two-qubit case yet.
Inspired by several works on geometric illustration of quantum steering [8, 9] , we propose a geometric characterization of measurement assemblages and LHS models, and define a quantity that describes the required local resources to realize the measurement assemblages. We use the characterization and the quantity to (i) obtain a criterion of steering which is both sufficient and necessary under any measurement sets, (ii) define the optimal LHS model for an assemblage, (iii) quantify steerability, (iv) provide a method to generate unsteerable states. Then some examples and further discussions are given.
In Ref. [8] , a geometric representation was given for the measurement assemblage of a two-qubit state under all POVMs. Under the Pauli basis σ i = {I, σ x , σ y , σ z }, i = 0, 1, 2, 3, every single-qubit state ρ can be written 
The unit sphere we put s a A in is not a Bloch sphere, since the vectors in Bloch sphere represent quantum states with trace 1, while s a A represent unnormalized states with trace p(a|A). The length of the vector in this sphere is the product of the trace and the purity of the unnormalized conditioned state. Similar to Bloch sphere, the surface of this sphere is comprised of pure qubit states. We would call such sphere a probability Bloch sphere and denote it withB, its surface with N and its center with C.
A two-qubit state ρ can be written in Pauli bases as ρ = T is a 3 × 3 matrix, and superscript t means transposition. When Alice's side is projected onto a pure state
By comparing equations (4) and (5) we have p(a|A) =
We can see that the geometric figure Bob obtains inB under projective measurements of Alice's side is shaped by
A , translated by 1 2 b and independent of a. The steering figures could be ellipsoids, ellipses, segments and points, the surfaces of them are generated by projective measurements of Alice's side and the inner parts are by POVMs, since any POVM operator can be written as a mixture of some projectors.
Hereinafter we call a set {p(a|A, λ), q(λ), ρ(λ)} satisfying Eqs. (2) and (3) an LHS model for ρ. Now we are ready to construct a geometric characterization of LHS models under arbitrary measurement sets. We will demonstrate the case of one way steering from Alice to Bob, the case for opposite direction is similar.
Consider an ensemble {q(λ), ρ(λ)}, where ρ(λ) = 1 2 (I+ b λ · σ), b λ is the Bloch vector of ρ(λ) which is determined by λ. Let η denote a vector inB and q(η) denote a nonnegative distribution of η. To characterize this ensemble in sphereB, we let q(η) = {λ|b λ =η} q(λ). The sum on the right is over all λ which have the same Bloch vectors b λ = η (same local state with different distributions). By this method we characterize the states ρ λ with vectors η which satisfy η = b λ , then we can construct a geometric model that characterizes the LHS model {p(a|A, λ), q(λ), ρ(λ)}, which we abbreviate as a g-model.
hold for all a and A, where the integral is over sphereB, η are vectors inB distributed with q(η). Note that in this work we use q to denote the probability density and p to denote the probability.
Equation
holds for all a and A. Now we introduce a quantity S for every g-model. Definition 2. Let S denote the integral B q(η)dη for a g-model G.
Note that there may be more than one g-models for a steering figure of a two-qubit state, we let the models with the smallest quantity S among them be the optimal g-models of the figure.
Definition 3. An optimal g-model G o for a steering figure is the g-model with S o =min i {S i }, where S i is the quantity S of some g-model G i for the steering figure.
Before making further explanations for the g-model, we propose a steering criterion using g-model.
Criterion 1. An measurement assemblage of twoqubit quantum state admits an LHS model if and only if S o ≤ 1 for its steering figure. Proof. For the necessity, the LHS model of the assemblage can be written as {p(a|A, λ), q(λ), ρ(λ)}, where ρ(λ) = 
then Eqs. (6) and (7) (2) . Therefore {q(η), p(a|A, η)} is a g-model G for the steering figure. Now that S = B q(η)dη = q(λ)dλ = 1,
For the sufficiency, let p o (a|A, η) and q o (η) denote the distributions of the optimal g-model for the steering figure. When S o ≤ 1, we can construct the modified distributions {q
where δ(η) is Dirac delta function, I(a|A) denotes the integral η =0 p o (a|A, η)q o (η)dη, and the subscript C in the integral expressions means that the integral area is a small neighbourhood of the center C. Now we
. This model satisfies equations (2) (3), thus is an LHS model for the state.
Now we explain this geometric model. Eq. (7) sets aside the I part of everyρ (6) is similar to Eq. (3) except that the distribution q(η) is not normalized. Geometrically, quantity S describes the quantity of vectors needed to generate a steering figure under probability conditions Eq. (6). When S ≤ 1 for a g-model, we use method given in Eq. (9) to get a normalized q ′ (η), then the g-model can be directly mapped to a LHS model as showed formerly. If S o > 1 for a steering figure, it is impossible to construct an LHS model for its corresponding measurement assemblages.
If we set aside the normalization condition q(λ)dλ = 1 in Eq. (3) for LHS model {p(a|A, λ), ρ(λ), q(λ)}, we can directly transform a g-model {q(η),p(a|A, η)} and such a modified state model into each other, by taking
, and relations in Eq. (8) . We call such model the modified local hidden state (MLHS) model. Notice that a g-model may be transformed into different MLHS models, since there may be more than one λ η with different distributions {q(λ η ), p(a|A, λ η )} for some η. When S ≤ 1 for a g-model, the corresponding MLHS models can be changed into a valid LHS model with a method similar to Eq. (9). We will denote the MLHS models with H hereinafter. Now we classify the g-models and MLHS models into simpler equivalent groups which are one-to-one corresponded. Note that all the proves and details of the following theorems are in supplementary [10] . Theorem 1. Any g-model inB can be transformed into an equivalent g-model {q(ξ),p(a|A, ξ)} in area N C = N ∪ {C} with equal quantity S, where N is the surface ofB and C the center, ξ are unit vectors or zero vector.
We call the latter g-model extreme g-model and denote it with G E . Theorem 2. Any MLHS model {p(a|A, λ), q(λ), ρ(λ)} can be transformed into an equivalent one written as {p ′′ (a|A, υ), q ′′ (υ), ρ(υ)}, where {ρ(υ)} contains only pure states and maximally mixed state. The latter MLHS models can be one-to-one mapped to extreme g-models.
Theorem 1,2 also show that, when we try to construct concrete local models for two-qubit states by geometric methods or programming, we just need to consider a type of simpler g-models (MLHS models), which makes the case easier. We call the MLHS model which is oneto-one mapped to an extreme g-model the corresponding MLHS model of the g-model, and vice versa. The MLHS model H o which corresponds to G Eo is defined to be the optimal MLHS model for the measurement assemblage, since there is no LHS model for the assemblage if
can be changed into the optimal LHS model by adding maximal mixed state I and normalizing its distributions {p
} using the method in Eq. (9) . Such optimal LHS model has the largest proportion of I among all the LHS models of the assemblage.
In a former work, a way to quantify the steerability was given [11] , which was based on the minimum amount of genuine steerable resources required to reconstruct an assemblage. Here we also propose a method of steerability quantification. We take quantity S as the local resource required for an MLHS model to reconstruct the assemblage. Then, quantity S o indicates the minimum required local resources. We use S o as the quantification of steerability of the steering assemblage. It can be shown that, when M A is the set of all POVMs, S o is unchanged under local unitary (LU) operations and does not increase under local operations and shared randomness (LOSR), see supplementary [10] .
This quantification is useful in mixture of states and can be used to find out more unsteerable states, which we'll show below. It's known that the set of LHS is a convex set, the mixed state of unsteerable states is unsteerable. Theorem 3 gives a stronger method that may obtain unsteerable two-qubit states by mixing states with MLHS models. To do so we just need to construct H ρ and calculate quantity S ρ of its corresponding g-model.
A natural question arises as, do all the two-qubit states have an MLHS model for the steered side (Bob) under arbitrary measurement set of steering side (Alice)? Using theorem 3 we demonstrate that the answer is affirmative.
Theorem 4. The MLHS models exist for the set of states {φ(c)} under a measurement set M A , if and only if MLHS model exists for some φ(c 0 ) under M A , where
where ρ is an arbitrary two-qubit state, c ∈ [0, 1], c 0 ∈ (0, 1] and ρ A = Tr B (ρ). Every two-qubit state ρ can be written as
where coefficients c i are nonnegative real numbers and [12] . We have proved that steerability is unchanged under local unitary (LU) operations [10], so we just need to find g-models for a subset of T states, which have diagonal T matrices without loss of generality [12] . Let π D denote such states, which can be written as
This subset of states are called Bell diagonal states since they can be written as combinations of four Bell states ρ Bi (i = 1, 2, 3, 4). As the states ρ(p) = pρ Bi + (1 − p)I/2 are separable states (thus have LHS models) when p ≤ 1 3 , the four Bell states have MLHS models under any measurement set according to theorem 4. Then, from theorem 3 we know that all π D (thus all π T ) have MLHS models.
As three types of states in Eq. (11) have MLHS models under an arbitrary M A , using theorem 3 we obtain that all two-qubit states have MLHS models under an arbitrary M A . This result also supports the idea to quantify steerability of two-qubit states using quantity S o . Now we give some applications of Theorem 3. The examples will be given using extreme g-model under continuous sets of all projective measurements. All measurements A are assumed to be projective measurement performed by Alice in the following two cases.
1.Werner states Two-qubit Werner states [13] can be written as
where |ψ ψ| is the singlet state and I is the identity. According to the existing optimal LHS model for some Werner states [2, 13] , we obtain that the optimal g-model for a two-qubit singlet state |ψ (including Werner state) under projective measurements is
where subscript Eo indicates that it is an optimal extreme g-model. The optimality is proved in our another work. [14] .
In another work [14] we give an optimal g-model for 2D T states and provided a way of calculating quantity S o under this model. We obtain that quantity S o equals half of the circumference of the steering ellipse for 2D T states. [14] Here we illustrate the case with a state ρ satisfying T 11 = T 22 = −1/2, T 33 = 0, whose steering ellipse is a circle with radius 1/4 and circumference π/2.
In the proof of theorem 3 [10] we also prove that the mixture of T states are unsteerable if the mixture of their steering quantity S does not exceed 1. The quantity S o for ρ is π/4, so the state ρ(p) generated by
is unsteerable if p ≤ 1−π/4 2−π/4 . Such unsteerable states are outside the convex tetrahedron of separable π D (except for p = 0 case), thus they are states that are entangled but unsteerable under all projective measurements. This result can be examined using the criteria proposed in some former works about the steerability of T states [15, 16] .
3.Mixture of states τ i with different p i (a|A) Let τ i be some two-qubit states whose g-models are constructed and with different probability p i (a|A). We can construct a g-model for ρ by mixing the g-models of τ i as showed in proof of . In Ref. [4, 17] , LHS models for some two-qubit states with nonuniform p(a|A) are given. By transforming them into g-models and mixing them with other states, we can obtain more untrivial unsteerable states.
Since any POVM can be converted into an equivalent "fine grained" one, with each operator A a written as a shrinked projector as A a = c a P a (0 < c A ≤ 1) [18] , a question is raised as, can we generalize the result for projectors into POVM operators by shrinking the conditioned probabilities of MLHS models we constructed for projectors? In supplementary [10] we show that the models constructed by this approach do not satisfy Eqs. (6) and (7) simultaneously. So it's very difficult to build up a MLHS model suitable for continuous sets of all POVMs for entangled states. However, it's very hopeful to construct better MLHS models for more states under finite sets of measurements or the continuous set of projective measurements and then enlarge the set of unsteerable states using theorem 3.
Conclusion-We construct a geometric characterization of LHS models for the steering assemblages of two-qubit states, by introducing geometric model (g-model) and modified LHS model. We show that g-model exists for any assemblage of two-qubit states and corresponds to modified LHS (MLHS) models. A quantity S that describes the resources of vectors required to generate a steering figure is proposed and used as a quantification of steerability. A sufficient and necessary steering criterion under all measurement sets is proposed, followed by a method to find the optimal LHS model. A way to construct MLHS model under state mixture is proposed and is further developed to generate unsteerable states. At the end some examples including unsteerable entangled states under projective measurements are given.
Our work provides access to constructing concrete MLHS models for two-qubit states. More precisely, we can start with the T states. Then we can generalize the result for T states into more states. Also we may obtain some results about asymmetric steering. In another work [14] we further explore the projects above. Another interesting project is to generalize the model for generalized bipartite states of higher dimensions. Although we don't have a geometric characterization for general higher dimensional bipartite states, we might get some results for some highly symmetric states, such as isotropic states. This is left for future study. 
Supplementary
1. Construction of the extreme g-model G E . Now we show that every g-model {q(η), p(a|A, η)} in the main text can be transformed into a g-model {q(ξ),p(a|A, ξ)} with equal quantity S, where ξ are unit vectors on surface N or zero vector at center C of the sphereB. We denote the latter g-model as extreme g-model G E .
Let dξ denote the infinitesimal area on the surface N , corresponding to the unit vector ξ. Also we label each η with ξ and k ∈ R, k ∈ [0, 1], then every η can also be written as η k ξ for some η and k, which satisfies η k ξ = k · ξ. Then we let
where
, and the distributions without hats are of the original g-model. Note that the probability of ξ at C should be a discretep(0), but for convenience we will also write it asq(0) in some following equations, which satisfies Cq (0)dξ =p(0) and
Here we explain the construction of the extreme gmodel. In Eqs. (s.1) and (s.2) we divided q(η k ξ ) into to parts, one with proportion |η ξ | and the other with proportion 1 − |η k ξ |. Then we put the first part into the distribution of the unit vector ξ and the second part into the distribution of 0. Note that we are also converting the distribution q(η) inB into a q(ξ) on N and C, that is why we have the term f (η k ξ ), which satisfies dη 
where N C = N ∪ {C}, which is the combined area of the surface and the center. And we have
which altogether indicate that {p(a|A, ξ),q(ξ)} is also a g-model for the same steering figure.
The quantity S for the extreme g-model is 8) which shows that quantity S doesn't change when the original g-model is transformed into an extreme one.
Now that any original g-model can always be transformed into an extreme g-model with same quantity S, we can say that all g-models which can be transformed into the same extreme g-model are equivalent to this extreme g-model, and we just need to consider the extreme case when constructing a concrete model.
Construction of equivalent MLHS models.
For every MLHS model {q(λ), p(a|A, λ), ρ(λ)}, where
we obtain its g-model {q(η), p(a|A, η)} using (8) in the main text. Then we transform the original g-model into an extreme one, written {q(ξ),p(a|A, ξ)}. Now we can construct an MLHS model {q
and υ are unit vectors or zero vectors, by letting
for every υ and ξ. Simple calculations shows that the model {p ′′ (a|A, υ), q ′′ (υ), ρ(υ)} is also an MLHS model for the state. This MLHS model, obtained by (s.11), is one-to-one mapped to an extreme g-model. We call the MLHS model which one-to-one mapped to an extreme g-model the corresponding MLHS model of the g-model, and vice versa.
Since the g-modes of the original MLHS model {q(λ), p(a|A, λ), ρ(λ)} is equivalent to the extreme g-model of the transformed MLHS model {q ′′ (υ), p ′′ (a|A, υ), ρ(υ)}, we say these two MLHS models have the same steerability and are equivalent. We can use the latter MLHS model to represent all MLHS models in the same equivalent group.
3.Proof of theorem 3.
First we review theorem 3 in the main text. . We construct a model {q ρ (η), p ρ (a|A, η)} satisfying 12) for every η, where {q i (η), p i (a|A, η)} is the g-model (not necessarily optimal) for τ i under M A . Let S I denote the sum i c(i)S i . Similar to (9) in the main text, we construct the modified nonnegative distributions {q
where S m =max i {S i }, we can always find an S ρ satisfying S ρ ≤ S m , which means the quantity S ρ would not be larger than the largest S i if it is well chosen.
From (s.13) there is
and
} is a g-model for ρ, and its quantity S ′ is
Specially, when all τ i are T states, their p ρ (a|A) are constant 
where ρ is an arbitrary two-qubit state, c ∈ [0, 1], c 0 ∈ (0, 1] and ρ A = T r B (ρ). Proof The necessity is obvious so we prove the sufficiency. Note first that MLHS model for a two qubit state is equivalent to g-model for its ellipsoid. We denote the g-model for φ(c 0 ) under M A as {q c0 (η), p c0 (a|A, η)}. 
satisfies equations (6) and (7) in the main text. Therefore {q c (ξ), p c (a|A, ξ)} is a g-model for φ(c), with steering quantity S c = c c0 · S c0 . Now that there is a g-model for the steering ellipsoid of every φ(c), there is an MLHS model for every φ(c) in the set under M A .
5.The difficulty of generating MLHS model into POVM
Consider a POVM set {E i }. Since any POVM can be converted into an equivalent "fine grained" one, with each operator written as a shrinked projector [1] , we let every measurement operater E i be a shrinked projector of a rank 1 projector P i without loss of generality. Then we have E i = c i P i , where c i are real numbers satisfying 0 ≤ c i ≤ 1 and i c i = 2 for two qubit states. Note that although projectors P i satisfy i P i = I, they may come from different sets of projective measurements and be non-orthogonal. Now a question arises as, can we construct an MLHS model for general POVM operators E i by multiplying c i to the conditioned probability p(a|A, υ) under projectors P i while keeping q(υ) unchanged? We'll show that this can not be done.
The probability of a state ρ obtaining result i under POVM operator E i is p E (i|E) = c i p(i|P i ) and the unnormalized conditioned state isρ Ei = c iρi , where p(i|P i ) andρ i are the conditioned probability and unnormalized conditioned state under projector P i .
We denote the MLHS model of the state under projector P i as {q
First there is
For every unnormalized conditioned states there is
Equations (s.20) and (s.21) show that directly generating the GHLS models for projectors into models for POVM operators can reproduce the conditioned probabilities and conditioned states of Alice and Bob.
However, another condition for MLHS model is
For the model we construct, there is
If P i are from the same measurement set, then
But for an arbitrary ρ and nonorthogonal P i , it's not always the case.
For example, a g-model (denoted with H) for a singlet state |ψ under projective measurements is
where υ are unit vectors or zero vectors, b Pi is the Bloch vector of the conditioned state ρ Pi under P i . Consider a POVM set
2 |1 are both pure states. The only set of projectors that can realize this POVM is {|0 0|, |α α|, |β β|}. Let P 1 , P 2 , P 3 denote these three projectors. Obviously the conditioned probability p LOSR are completely positive trace-preserving (CPTP) maps that can be written as k u(k)E k ⊗ F k , where E k and F k are CP T P maps on the linear operators of Alice and Bob's Hilbert space respectively, u(k) is probability distribution [2] .
When an LOSR operation is performed on the two-qubit state ρ, the result state ρ is } is also a set of POVM, with M
A L X ki . Suppose the optimal MLHS model for ρ under POVM set {M a A } is {q(λ), p(a|A, λ), ρ(λ)}, then we can construct an MLHS model for ρ LOSR by two steps. First we introduce MLHS model H k : {q k (λ k ), p k (a|A, λ k ), ρ k (λ k )} for each set of assemblages {ρ a A (k)}, where
(s.28)
Notice that the quantity S k corresponding to each H k satisfies S k = S o (ρ). Then, we combine these MLHS models into a new MLHS model H ′ : {q ′ (γ), p ′ (a|A, γ), ρ ′ (γ)}, where γ is the vectors inside a unit sphere (satisfying |γ| ≤ 1), and every ρ ′ (γ) satisfies ρ ′ (γ) = 1 2 (I + γ · σ).
(s.29)
We construct this new MLHS model by letting
(s.30)
Using the result in the proof of theorem 3, we can obtain that the MLHS model H ′ can reconstruct the assemblages ρ a A , also, its corresponding quantity S ′ ≤ max k {S k } = S o (ρ).
Therefore we have
which proves that the quantity S o does not increase under LOSR. Now we consider the case that the LOSR they perform is an LU operation, written U X ⊗ U Y . LU operations are reversible, and the inverse operation of an LU operation is also an LU operation. Let ρ LU denote the state obtained by performing the LU operation U X ⊗ U Y on ρ. By applying U X ⊗ U Y on ρ and applying U −1
on ρ LU we can transform the two states into each other, and according to former result we have S o (ρ) ≤ S o (ρ) and S o (ρ) ≤ S o (ρ), which indicates that S o (ρ) = S o (ρ). So the quantity S o does not change under LU operations.
